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Abstract 

In this paper we consider dynamical r-matrices over a nonabelian base. There are two main 
results. First, corresponding to a fat reductive decomposition of a Lie algebra 9 = f) © m, 
we construct geometrically a non-degenerate triangular dynamical r-matrix using symplectic 
fibrations. Second, we prove that a triangular dynamical r-matrix r : t)* — > A 2 g corresponds 
to a Poisson manifold t)* x G. A special type of quantizations of this Poisson manifold, called 
compatible star products in this paper, yields a generalized version of the quantum dynamical 
Yang-Baxter equation (or Gervais-Neveu-Felder equation). As a result, the quantization problem 
of a general dynamical r-matrix is proposed. 



1 Introduction 

Recently, there has been growing interest in the so called quantum dynamical Yang-Baxter equation: 

#i 2 (A)i? 13 (A + hh^)R 23 (X) = i? 23 (A + hh^)R 13 (X)R 12 (X + hhF>). (1) 

This equation arises naturally from various contexts in mathematical physics. It hrst appeared in 
the work of Gervais-Neveu in their study of quantum Liouville theory [24| |. Recently it reappeared 
in Felder's work on the quantum Knizhnik-Zamolodchikov-Bernard equation |23[| . It also has been 
found to be connected with the quantum Caloger-Moser systems |^]. As the quantum Yang-Baxter 
equation is connected with quantum groups, the quantum dynamical Yang-Baxter equation is 
known to be connected with elliptic quantum groups (^3|, as well as with Hopf algebroids or 
quantum groupoids fl2(i| , 

The classical counterpart of the quantum dynamical Yang-Baxter equation was first considered 
by Felder and then studied by Etingof and Varchenko (TjJ. This is the so called classical 
dynamical Yang-Baxter equation, and a solution to such an equation (plus some other reasonable 
conditions) is called a classical dynamical r-matrix. More precisely, given a Lie algebra g over 
R (or over C) with an Abelian Lie subalgebra h, a classical dynamical r-matrix is a smooth (or 
meromorphic) function r : f)* — ► g&g satisfying the following conditions: 

*Research partially supported by NSF grant DMS00-72171. 
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(i) . (zero weight condition) [h@)l + l®h,r(\)] = 0, V/i € fj; 

(ii) . (normal condition) r\% + r%\ = Q, where f2 € (5 2 g) s is a Casimir element; 

(iii) . (classical dynamical Yang-Baxter equation^]) 

Alt(dr) - ([r 12 ,r 13 ] + [ri 2 ,r 23 ] + [r 13 ,r 23 ]) = 0, (2) 

where Altdr = E^fe - hf )d ^ + hf^). 

A fundamental question is whether a classical dynamical r-matrix is always quantizable. There 
has appeared a lot of work in this direction, for example, see |2j, |25|, In the triangular case 
(i.e., r is skew-symmetric: n 2 (A) + r 2 i(A) = 0), a general quantization scheme was developed by 
the author using the Fedosov method, which works for a vast class of dynamical r-matrices, called 
splittable triangular dynamical r-matrices fl34| . Recently, Etingof and Nikshych, using the vertex- 
IRF transformation method, proved the existence of quantizations for the so called completely 
degenerate triangular dynamical r-matrices [pT| . 

Interestingly, although the quantum dynamical Yang-Baxter equation in |£J only makes sense 
when the base Lie algebra f) is Abelian, its classical counterpart admits an immediate generalization 
for any base Lie algebra f) which is not necessarily Abelian. Indeed, all one needs to do is to change 
the first condition (i) to: 

(i'). r : ()* — > 0®g is .ff-equivariant, where H acts on f)* by coadjoint action and on 0®0 by 
adjoint action. 

There exist many examples of such classical dynamical r-matrices. For instance, when q is a 
simple Lie algebra and f) is a reductive Lie subalgebra containing the Cartan subalgebra, there is 



a classification due to Etingof- Varchenko [19]. In particular, when f) = g, an explicit formula was 
discovered by Alekseev and Meinrenken in their study of non-commutative Weil algebras Q. Later, 
this was generalized by Etingof and Schiffermann |l7]] to a more general context. Moreover, under 
some regularity condition, they showed that the moduli space of dynamical r-matrices essentially 
consists of a single point once the initial value of the dynamical r-matrices is fixed. A natural 
question arises as to what should be the quantum counterpart of these r-matrices. And more 
generally, is any classical dynamical r-matrix (with nonabelian base) quantizable? 

A basic question is what the quantum dynamical Yang-Baxter equation should look like when 
f) is nonabelian. In this paper, as a toy model, we consider the special case of triangular dynamical 
r-matrices and their quantizations. As in the Abelian case, these r-matrices naturally correspond to 
some invariant Poisson structures on [)* x G. It is standard that quantizations of Poisson structures 
correspond to star products ||]. The special form of the Poisson bracket relation on f)* x G suggests 
a specific form that their star products should take. This leads to our definition of compatible star 
products. The compatibility condition (which, in this case, is just the associativity) naturally leads 
to a quantum dynamical Yang-Baxter equation: Equation (^). As we shall see, this equation 
indeed resembles the usual quantum dynamical Yang-Baxter equation (unsymmetrized version). 

1 Throughout the paper, we follow the sign convention in Q for the definition of a classical dynamical r-matrix in 
order to be consistent with the quantum dynamical Yang-Baxter equation (|l]). This differs in a sign from the one 
used in 0. 
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The only difference is that the usual pointwise multiplication on C°°(f)*) is replaced by the PBW- 
star product, which is indeed the deformation quantization of the canonical Lie-Poisson structure 
on fj*. Although Equation (|33| ) is derived by considering triangular dynamical r- matrices, it makes 
perfect sense for non-triangular ones as well. This naturally leads to our definition of quantization 
of dynamical r-matrices over an arbitrary base Lie subalgebra which is not necessary Abelian. The 
problem is that such an equation only makes sense for R : fy* — > Ug^UglhJ. In the Abelian case, 
it appears that one may consider R valued in a deformed universal enveloping algebra UnQ, but 
in most cases U^q is isomorphic to f/gjfi.] as an algebra. So Equation ([5^), in a certain sense, is 
general enough to include all the interesting cases. However, the physical meaning of this equation 
remains mysterious. 

Another main result of the paper is to give a geometric construction of triangular dynamical 
r-matrices. More precisely, we give an explicit construction of a triangular dynamical r-matrix 
from a fat reductive decomposition of a Lie algebra g = f) m (see Section 2 for the definition). 
This includes those examples of triangular dynamical r-matrices considered in Our main 

purpose is to show that triangular dynamical r-matrices (with nonabelian base) do rise naturally 
from symplectic geometry. This gives us another reason why it is important to consider their 
quantizations. Discussion on this part occupies Section 2. Section 3 is devoted to the discussion of 
compatible star products, whose associativity leads to a "twisted-cocycle" condition. In Section 4, 
we will derive the quantum dynamical Yang-Baxter equation from this twisted-cocycle condition. 
The last section contains some concluding remarks and open questions. 

Finally, we note that in this paper, by a dynamical r-matrix, we always mean a dynamical r- 
matrix over a general base Lie subalgebra unless specified. Also Lie algebras are normally assumed 
to be over R, although most results can be easily modified for complex Lie algebras. 

Acknowledgments. The author would like to thank Philip Boalch, Pavel Etingof, Boris 
Tsygan and David Vogan for fruitful discussions and comments. He is especially grateful to Pavel 
Etingof for explaining the paper |l7|], which inspired his interest on this topic. He also wishes to 
thank Simone Gutt and Stefan Waldmann for providing him some useful references on star products 
of cotangent symplectic manifolds. 



2 Classical dynamical r-matrices 

In this section, we will give a geometric construction of triangular dynamical r-matrices. As we shall 
see, these r-matrices do arise naturally from symplectic geometry. We will show some interesting 
examples, which include triangular dynamical r-matrices for simple Lie algebras constructed by 



Etingof- Varchenko [19| 



Below let us recall the definition of a classical triangular dynamical r-matrix. Let g be a Lie 
algebra over R (or C) and f) C g a Lie subalgebra. A classical dynamical r-matrix r : f)* — ► g®g 
is said to be triangular if it is skew symmetric: 7*12 + r%\ = 0. In other words, a classical triangular 
dynamical r-matrix is a smooth function (or meromorphic function in the complex case) r : f)* — ► 
A 2 g such that 

(i). r : f)* — > A 2 g is f/-equivariant, where H acts on rj* by coadjoint action and acts on A 2 g by 
adjoint action. 
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(ii). 

i 

where the bracket [•, •] refers to the Schouten type bracket: A fc g(g> a' g — > A + induced from 
the Lie algebra bracket on g, {hi, • • • , hi} is a basis of f), and (A 1 , • • • , A') its induced coordinate 
system on f)*. 

The following proposition gives an alternative description of a classical triangular dynamical 
r-matrix. 

Proposition 2.1 A smooth function r : f)* — ► A 2 g is a triangular dynamical r-matrix iff 

7T = vr r + Qy A hi + r(A) 

i 1 

is a Poisson tensor on M = fj* x G, where ttu* denotes the standard Lie (also known as Kirillov- 
Kostant) Poisson tensor on the Lie algebra dual f)*, hi € X(M) is the left invariant vector field 
on M generated by hi € f), and similarly r(A) € T(/\ 2 TM) is the left invariant bivector field on M 
corresponding to r(A). 



Proof. Set 



Then tt = tti + r(A). Note that, for any (A, x), 7Ti|(W) is tangent to fj* x xiT, on which it is 
isomorphic to the standard Poisson (symplectic) structure on the cotangent bundle T*H (see, e.g., 
p7fl). Here T*H is identified with fj* x H (hence with fj* x xiT) via left translations. It thus follows 
that [7Ti,7Ti] = 0. Therefore 



[7r s 7r]=2[7ri,r(A)] + [r(A),r(A)]. 



Now 



ki, r(A)] 



<9A; 



Hence [w, 7r] = Ji + J2? where 

5A, 



Ji = 2^[KAj,— ]A^+[KA5,KA5], and 
7 2 = 2[7r„.,KA5]-2^A A [^A5 j ^]. 
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With respect to the natural bigrading on A 3 T(h* x G), I\ and I2 correspond to the (0,3) and 
(l,2)-terms of [vr, 7r], respectively. It thus follows that [it, tt] = iff 1% = and I2 = 0. 

It is simple to see that 

/i = -2j^A^ + [r(A),r(A)j. 

i 

Hence I\ = is equivalent to Equation (|3|). 

To find out the meaning of I2 = 0, let us write ir^* = \ Ylij fijW~S? ^ (A? = ~ ^ 
simple computation yields that 

Thus ^2 = is equivalent to 

r(Ad* ex ^ lthi X), Vz, 



[^r(A)] = -E/«(A)^=^ 



3 

which exactly means that r is //-equi variant. This concludes the proof. 



□ 



Remark. Note that M (= t)* X G) admits a left G-action and a right //-action defined as follows: 
V(A,x) 6 f)* x G, 

y • (A,z) = (A,yx), Vj/€G; 
(A,x) • y = (Ad* y \,xy), Vy G if. 

It is clear that the Poisson structure tt is invariant under both actions. And, in short, we will 
say that tt is G x //-invariant. 

Definition 2.2 A classical triangular dynamical r-matrix r : f)* — ► A 2 g is said to be non- 
degenerate if the corresponding Poisson structure tt on M is non- degenerate, i.e., symplectic. 

In what follows, we will give a geometric construction of non-degenerate dynamical r- matrices. 
To this end, let us first recall a useful construction of a symplectic manifold from a fat principal 
bundle [26, 31]. A principal bundle P(M, H) with a connection is called fat on an open submanifold 



U C [j* if the scalar-valued forms < A, Q > is non-degenerate on each horizontal space in TP for 
A £ U. Here is the curvature form, which is a tensorial form of type Adu on P (i.e., it is 
horizontal, {j-valued, and ^4cif/-equivariant). 

Given a fat bundle P(M, H) with a connection, one has a decomposition of the tangent bundle 
TP = Vert(P) © Hor{P). We may identify Vert(P) with a trivial bundle with fiber rj. Thus 

y e rt*P = h* X P. 
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On the other hand, Vert*P = Hor (P) C T*P. Thus, by pulling back the canonical symplectic 
structure on T*P, one can equip Vert*P, hence f)* x P, an //-invariant presymplectic structure, 
where H acts on fj* x P by (A, x) ■ h = (Ad* h X,x ■ h), \fh G H and (A,x) G f)* X P. If £/ C fj* is 
an open submanifold on which P(M, H) is fat, then we obtain an //-invariant symplectic manifold 
U x P. In fact, the presymplectic form u can be described explicitly. Note that Vert*P admits a 
natural fibration with T*H being the fibers, and the connection on P induces a connection on this 
fiber bundle. In other words, Vert*P is a symplectic fibration in the sense of Guillemin-Lerman- 
Sternberg p6[| . At any point (X,x) G [)* x P = Fert*P, the presymplectic form a> can be described 
as follows: it restricts to the canonical two-form on the fiber; the vertical subspace is w-orthogonal 
to the horizontal subspace; and the horizontal subspace is isomorphic to the horizontal subspace of 
T X P and the restriction of cu to this subspace is the two form — < A, tt(x) > obtained by pairing 
the curvature form with A (see Examples 2.2-2.3 in p6| ). 

Now assume that 

= f) m (4) 

is a reductive decomposition of a Lie algebra g, i.e., f) is a Lie subalgebra and m is stable under 
the adjoint action of fj: [fj, m] C m. By G, we denote a Lie group with Lie algebra g, and H 
the Lie subgroup corresponding to f). It is standard |2£| that the decomposition (||) induces a left 
G-invariant connection on the principal bundle G(G/ H, H), where the curvature is given by 

n(X,Y) = -[X, F]f,, fj - component of [X, Y] G 0. (5) 

Here X and Y are arbitrary left invariant vector fields on G belonging to m. 

A reductive decomposition g = fj © m is said to be fat if the corresponding principal bundle 
G(G/H, H) is fat on an open submanifold U C ()*. As a consequence, a fat decomposition g = f)©m 
gives rise to a G x P-invariant symplectic structure on M = U x G, where the symplectic structure 
is the restriction of the canonical symplectic form on T*G. In other words, M is a symplectic 
submanifold of T*G. Here the embedding U x G C fj* x G — > g* x G T*G) is given by the 
natural inclusion (A, x) — ► (pr*A, x), where pr : q — ► f) is the projection along the decomposition 
g = f) © m. Since the symplectic structure u on U x G is left invariant, in order to describe uj 
explicitly, it suffices to specify it at a point (A, 1). Now T/\ t r\(U x G) = (]* © g = f)* © f) © m. 
Under this identification, we have u; = wi © W2, where co% G $7 2 (f)* © f)) is the canonical symplectic 
two-form on T*P at the point (A, 1) G f|* x H (= T*P), and w 2 G r2 2 (m) is given by 

W2pf, r) =< A, [X, Y\ >, vx, y G m. 

Let r(A) G A 2 m be the inverse of u>2, which always exists for A G U since 1^2 is assumed to be 
non-degenerate on U. It thus follows that the Poisson structure on U x G is 

vr = vr r + ^ — A /ii + r(A). 

i 1 

According to Proposition |2.1| , r : U — > A 2 m C A 2 g is a non-degenerate triangular dynamical 
r-matrix. Thus we have proved 

Theorem 2.3 Assume that g = fjffim is a reductive decomposition which is fat on an open subman- 
ifold U C f)*. Then the dual of the linear map ip : A 2 m — * t) : (X,Y) — ► [X, Y]^, VX,Y G m 
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defines a non- degenerate triangular dynamical r-matrix r : J7(C fj*) — ► A 2 m C A 2 g, VA G U. Here 
m* is identified with m using the non- degenerate bilinear form f*(X) G A 2 m*. 

It is often more useful to express r(A) explicitly in terms of a basis. To this end, let us choose 
a basis {ei, • • • , e m } of m. Let £%(A) =< A, [ej, >, i, j = 1, • • • , m. By (cy( A)) we denote the 
inverse of the matrix (ay(A)), VA G £/. Then one has 



r,.. 

2 



Remark. 



(i). After the completion of the first draft, we learned that a similar formula is also obtained 
independently by Etingof [15]. Note that this dynamical r-matrix r is always singular at 0. 



To remove this singularity, one needs to make a shift of the dynamical parameter A — > A — \x. 
(ii). It would be interesting to compare our formula with Theorem 3 in [17|. 

We end this section with some examples. 

Example 2.1 Let q be a simple Lie algebra over C and fj a Cartan subalgebra. Let 

= f)ffi (0a00-a) 
aGA+ 

be the root space decomposition, where A + is the set of positive roots with respect to h. Take 
m = ©Q.gA + (fla © 0-of)- Then q = f) © m is clearly a reductive decomposition. Let e a G Q a and 
6-q G Q- a be dual vectors with respect to the Killing form: (e Q ,e_ Q ) = 1. For any A G h*, 
set a a p(\) =< A, [e a ,ep]t) >, Va,/3 G A + U (— A + ). It is then clear that a a p(X) = 0, whenever 
a + j3 ^ 0; and 

a a,-a(A) 

= < A, [e a , e_ a ]j, > 
= (A,a)(e a ,e_ Q ) 
= (A, a). 



Therefore, from Theorem and Equation (g), it follows that 

1 

(A, a) 



is a non-degenerate triangular dynamical r-matrix, so we have recovered this standard example in 

m 
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Example 2.2 As in the above example, let g be a simple Lie algebra over C with a fixed Cartan 
subalgebra f), and I a reductive Lie subalgebra containing f). There is a subset A(I)+ of A + such 
that 

( = H© (fla©0-a)- 
aeA(t)+ 

Let A + = A+ - A([) + , A([) = A(l) + U (-A([) + ), and A = A + U (-A+), and denote by m the 
subspace of g: 

m= ^2 (9a ©0-a)- 
aGA+ 

It is simple to see that g = I © m is indeed a fat reductive decomposition, and therefore induces a 
non-degenerate triangular dynamical r-matrix r : I* — > A 2 g. To describe r explicitly, we note that 
the dual space 1* admits a natural decomposition 

r = ff© (0*©flij. 

«eA(i) + 

Hence any element (i£ i* can be written as fi = A © ffi ae A([)£a> where A G f)* and £ Q G g* . Let 
=< [ea,e/3][ >, Va,/3 G A. It is easy to see that 

(A, a), if a + /3 = 0; 

aa^O-O = ^ < £7, [e a , e^s] >, if a + /3 = 7 G A(Q; (7) 
0, otherwise. 

By (c a/ 3(/u)), we denote the inverse matrix of (o Q/ g(/u)). According to Equation (^|), 

is a non-degenerate triangular dynamical r-matrix over [*. In particular, if fj, = A G h*, it follows 
immediately that 

r(A) = - £ -— -— — e Q A e_Q,. (8) 



(A, a) 
oeA+ 



Equation (R) was first obtained by Etingof-Varchenko in [19 



The following example was pointed out to us by D. Vogan. 

Example 2.3 Let g = R m+n © R m+n © R be a 2{m + n) + 1 dimensional Heisenberg Lie alge- 
bra and f) = R n © R n © R its standard Heisenberg Lie subalgebra. By {pi, qi,c}, i = 1, • • • , n + m, 
we denote the standard generators of g and {p m+ i, q m +i-, c}, i = 1, • • • ,n, the generators of f). Let 
m be the subspace of g generated by {pi, q{\, i = 1, - • • , m. It is then clear that g = f) © m is a 
reductive decomposition. Let q*, c*}, i = 1, • • • , n + m, be the dual basis corresponding to the 
standard generators of g. For any A G f)*, write A = SILi^^m+i + biq^ +i ) + xc*. This induces 
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a coordinate system on f)*, and therefore a function on f)* can be identified with a function with 
variables (ai,bi,x). It is clear that 

w(Pi,<7j)(A) =< A ' b»>3?]& >= x <%5 
w(Pi,Pj) = u(qi,qj) = 0, Vi, j = m. 



It thus follows that 



r(a i ,6 i ,x) = — y^PiAg;: fj* 

i=l 

is a non-degenerate triangular dynamical r-matrix. 

3 Compatible star products 



A 2 c 



From Proposition 2.1, we know that a triangular dynamical r-matrix r : fj* — > A g is equivalent to 
a special type of Poisson structures on f)* x G. It is thus very natural to expect that quantization 
of r can be derived from a certain special type of star-products on f)* x G. It is simple to see that 
the Poisson brackets on C°°(f)* x G) can be described as follows: 

(i) . for any f,g G C°°(&*), {/,<?} = {/,^.; 

(ii) . for any / G C°°(ff) and g G C°°(G), {/,<?} = Ei(§jj)(%9Y, 



(iii). for any/, 9 GC°°(G), {/,<?} = r(X)(f,g). 

These Poisson bracket relations naturally motivate the following: 

Definition 3.1 A star product *^ on M = tj* x G is called a compatible star product if 

(i) . for any f,g£ C°°(f)*), 

f(X)* h g(X) = f(X)*g(X); (9) 

(ii) . for any f(x) G C°°(G) and g(\) G C°°(t)*), 

f(x)* h g(X)=f(x)g(X); (10) 

(iii) . for any /(A) G C°°(f)*) and g(x) G C°°(G) ; 

/(A) *a sO*) = £ -v dxil ... dX i k J Z ■■■K9\ (11) 

fe=0 

(iv) . foranyf(x), g(x)eC°°(G), 



f(x)* h g(x)=F(\)(f,g), (12) 
w/iere F(X) is a smooth function F : fj* — > Ug®Ug{h} such that F = 1 + ftFi + 0(h 2 ). 
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Here * denotes the standard PBW-star product on f)* quantizing the canonical Lie-Poisson structure 
(see fl^| ), whose definition is recalled below. Let \}n = \]\K\ be a Lie algebra with the Lie bracket 
[X,Y] n = h[X,Y], VX,Fer,[ft], and 

be the Poincare-Birkhoff-Witt map, which is a vector space isomorphism. Thus the multiplication 
on U\)n induces a multiplication on S(f))|7i] (= Pol (f)*) [ft]), hence on C°°(f)*)|^] ; which is denoted 
by *. It is easy to check that * satisfies 

f*9 = fg + \h{f, gh* + ]T h k B k (f, g) + ---, V/, g € C°°(ft*), 

fc>0 

where B^s are bidifferential operators. In other words, * is indeed a star product on [)*, which is 
called the PBW-star product. 

The following proposition is quite obvious. 

Proposition 3.2 T he c lassical limit of a compatible star product is the Poisson structure ir = 
*r + E* M7 A hi + r($> where r W = F M X ) - Fai(A). 

Below we will study some important properties of compatible star products. 

Proposition 3.3 A compatible star product is always invariant under the left G-action. It is right 
H -invariant iff F : f)* — ► C/g®[/cj[/i] is H-equivariant, where H acts on f)* by the coadjoint action 
and on Uq®Uq by the adjoint action. 

Proof. First of all, note that Equations (p[|T^) completely determine a star product. It is clear, 
from these equations, that */j is left G-invariant. 

As for the right .ff-action, it is obvious from Equation ([!(]) that */j is invariant for f{x) *hg(\). 
It is standard that * is invariant under the coadjoint action, so it follows from Equation @ that 
/(A) *ng(ty is also -ff-invariant. 

For any h €E f), g{x) € C°°(G) and any fixed y € H, 



Thus it follows that 



h{R* y g){x) = {L x h){R* y g) 

= (R y L x h)(g) 

= (L xy Ad y -ih)(g) 

= (Ad~Jig)(xy) 



= [R* y (Ad y -ihg)](x). 

hZ---kZ(R; g ) = R;(Z 1 ---Kg), (13) 
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where hi 



Ady-ihi, i 



1, Let ^ = -AgC£i, * = 1) ■ ■ ■ ,n. Then • • • , is a dual basis 



for {/ij, • • • , h'i\. Let (A 1 , • • • , A l ) be its corresponding induced coordinates on [)*. Then 

d 



dX 



d 
dt 
d_ 
dt 
d 
dt 



((A£)7)(A + t& 



t=o 



f{Ad*X + 



t=o 



/(A£A + t£) 



i=0 



(Ad: 



SA'* 



Hence 



SA« • • • 0A<* 



9 * / 



(14) 



From Equation (0), it follows that for any /(A) G C°°(h*) and g(x) G C°°(G) 
(i^/)(A)* n (i^ 5 )(x) 

57 



fe=0 



00 fcfe 



fc=0 

i£(/(A) * h g(x)). 



OX'^-'-dX'^ 1 y 



R*yK---h' lk g] 



I.e., /(A) *ng(x) is also right //-invariant. 
Finally, V/(s), <?(*) G C°°(G), 



On the other hand, 



(R* y (f* h g))(X,x) 
(/ *ftg)(Ai*A,2;y) 
F(^;Aj(/, 5 )(xy) 
[Acs/ (F {Ad* y X))](f,g). 



(R*j* n mg)(\x) 



= F(X)(R* y f,R* y g)(x) 
= (L x F(X))(R;f,R; 9 ) 
= (R y L x F(X))(f,g). 

Therefore R y (f *%g) = R y f *hR y 9 iff L xy {F{Ad y X)) = R y L x F(X). The latter is equivalent to that 
F(Ad*X) = Ad y -iF(X), or F is ff-equivariant. This concludes the proof. 
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□ 

In order to give an explicit formula for 1% let us write 

F(\)=^a af3 (\)U a ®Up, (15) 

where a a p{\) G C°°(fj*)|[/i] and U a ®Up G Uq®Uq. Using this expression, indeed one can describe 
*n, explicitly. 



Theorem 3.4 Given a compatible star product *^ as in Definition 3.1, for any f(X,x), g(X,x) G 
C°°(FxG)[h], 

/(A, x) * h g(X, x) = ^2Y^ Ji aa ' 3 ^ * ^" dX* ■■■d\ i * * ' ' ' ^ k9 ' ^ 

a/3 k=0 

We need a couple of lemmas first. 

Lemma 3.5 Under the same hypothesis as in Theorem \3.\ , 

(i) . for any f(X,x) G C°°(f>* x G) and g(X) G C°°(f)*), 

f(X,x)* h g(X) = f(X,x)*g(X); (17) 

(ii) . for any f{x) G C°°(G) and <?(A,x) G C°°(h* x G), 

f{x) * h g(X, x) = J2 a apW * ulf(x)Ulg(X, x); (18) 

a/3 

(iii) . for any f(X,x) G C°°(fj* x G) and g(x) G C°°(G), 



^fc ^ d k f(X x) > > > 

/(A, x) * h g(x) = J3 fc[ aa ^ A ) * Ua dXK ■■■dX i k U/3hil ' ' ' ^O 6 )- ^ 19 ) 

o/3 fc=0 

Proof, (i). It suffices to show this identity for /(A,x) = fi(x)f 2 (X), V/i(x) G C°°(G) and / 2 (A) G 
C°°(h*). Now 

/(A,x) *ft <?(A) 
= (/i(a;)/3(A))*ft^(A) (by Equation ©) 
= {h(x)* h f 2 {X))* h g(X) 
= fi(x)* h (f 2 (X)* h g(X)) (by Equations 
= fi(x)(h(\)*g(X)) 
= (fi(x)f 2 (X))*g(X) 
= f(X,x)*g(X). 
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(ii) . Similarly, we may assume that g(X,x) = gi(x)g 2 (X), \/g\{x) G C°°(G) and 52(A) G C 00 ^* 
Then, 

/(x) *^5(A,x) 
= /(x) *ft(0i(aOga(A)) 
= /(a?) *fr (5i (x) *ft 52(A)) 

= (/(aO*RfllOc))*ft0j(A) (by Equation (H)) 
= ^[a a/3 (A)(C^/(x))(^ 5l (x))]* ff2 (A) 

a/3 

= y^Qg/3(A) * U a f(x)Upg(\,x). 

a/3 

(iii) . Assume that f(X,x) = fi(x)f 2 (X), Wfi(x) G C°°(G) and / 2 (A) G C°°(fj*). Then 

f(K x ) *ng(x) 
= (fi(x)f 2 (X))* h g(x) 
= (h(x) *h h(X)) *n g(x) 

= fl(x) *n(hW *h9(x)) (using Equation @) 
= ^a a/ 3(A) * U a fx(x)Up(f 2 (X) * h g(x)) 

a/3 

= E E S a ^(A) * • • • K9(x))\ 

a/3 k=0 

00 fok ^ ^fc ^ /^\ ^ 

= E E T| a ^( A ) * ^"/l^ mi! ... d \i k U ^ ' ' " 

a/3 fc=0 
a/3 k=0 

s^-sr^fr k ,u 77* d k f(X,x) ^7-+ ^ , s 
= Z> -fcf a ^( A ) * ^ dXll . . . dX i k U P h n ■ • • KaW- 

a/3 k=0 

This concludes the proof of the lemma. 

□ 



Now we are ready to prove the main result of this section. 



Proof of Theorem 3A Again, we may assume that g(X,x) 
and 52(A) G C°° ([)*). Then 

f(X,x) * h g(X,x) 
= f{\x)* n {gi{x)g 2 {X)) 



9l (x)g 2 (X), V 5 i(x) G C°°(G) 
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f(X,x) * h {gi{x) *h92W) 
(f(X,x) *n,9i(x)) *h 52(A) (by Equation (|l 
(/(A, x) *h9i(x)) * 52(A) (by Equation (Til)) 



00 n k y d k f(X x) > > > 

Yl Z) "jfef * Ua d\^---d\^ Uphil ' ' ' hi " 91 ^ * 92 ^ 

a/3 fc=0 ' ' 



d fc /(A, 



OA*i • • • dA^ 



*[/ /3 /i il ■ ■ ■ hi k {g 1 {x)g 2 {X)) 



a/3 k=0 

00 ^fc ^ Q k f(\ x) > > > 



a/3 k=0 



□ 



As a consequence of Theorem p. 4 we will see that if a function F(X) : rj* — ► t/g ® t^fl[^] 
defines a compatible star product, it must satisfy a "twisted-cocycle" type condition. To describe 
this condition explicitly, we need to introduce some notations. 

For any /(A) G C°°(h*), define /(A + hh) G C°°(f)*)<g>£/F)[?i] by 



/(A + hh) = f{\)®i + nY,^-®h i + ^h 2 Y d SL ®KK 



dXi 2! ^ dXi.dXi 

l W2 



h k d k f 

+ --- + ^ dXii ... dXi ^ -K k + ---. (20) 



The correspondence C°°(fj*) — ► C°° (f)*)®Uf)[hj : /(A) — ► f{X+hh) extends naturally to a lin- 
ear map from C°°(fj*)®*7 fl ®£/ [[ft] to C°°(fj*)®C/fj®£/0<g>£/0[ft] C O 00 ^)®^^^, which 
is denoted by -F(A) — ► ^23 (A + hhS 1 '). More explicitly, assume that -F(A) = fa/3(.X)U a ®U0, 
where / a/3 (A) G C°°([)*)[^] and E^®^ G Uq®Uq. Then 

F 23 (A + hhW) = + hh)®U a ®Up. (21) 

a/3 



By a suitable permutation, one may define F 12 (A + hh^) and Fi 3 (A + M (2) ) similarly. Note that 
Ug is a Hopf algebra. By A : Uq — > Ug®Ug and e : C/g — ► R, we denote its co-multiplication and 
co-unit, respectively. Then A naturally extends to a map C°°(t)*)®UQlH} — ► C°°(rj*)®£7g®[/g[/i], 
which will be denoted by the same symbol. 



Corollary 3.6 Assume that F : f)* 
Definition 3.1. Then 



[7g®t/g[/i] defines a compatible star product *n, a s in 



(A®id)F(X) * F 12 (X + Hh®) = (id®A)F(X) * F 23 (A); 
(eiS)id)F(X) = 1; (id®e)F(A) = 1. 



(22) 
(23) 
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Proof. Equation fl23|) follows from the fact that 1 * h f(x) = f(x) * h 1 = /(x), V/(x) £ C°°(G). 



As for Equation (|22|), note that for any fi(x), / 2 (x) and /s(x) G C°°(G), according to Equation 
(|T^), we have 



(/i(s) *nh{x)) *hh{x) 



af3 k=0 



d\h{x) *nMx» 

d\h ■ ■ ■ d\ l k 



Uph h ■ ■ ■ h ik f 3 (x). 



Now 



(A®id)F(\) *Fi 2 (A + /i/i (3) ) 



ft 



"£-(A®id)F(\) 



d k F 



k=0 

00 h k 

a/3 k=0 



d k F 



d\n . . . 8X^ 



Ihn ■■■h ik ) 



tUphi-t ■■■h ik . 



It thus follows that 



(A®id)F(X) * F 12 (A + hh^){h{x), f 2 (x), f 3 (x)) 



h k 



d k F(\){h{x)J 2 {x)) 



)Uph h ■ ■■h ik f 3 (x) 



a(3 k=0 

E E ^M A ) * Ua i± ; ; ; - fc Uph tl ■ ■ ■ hij 3 (x) 

a/3 k=0 



(fi(x) *nh(x)) *nh{x)- 



On the other hand, 



A (as) *h(h(x) *hh{x)) 

h(x) * h F(A}(/ 2 (x), / 3 (») (by Equation ©) 
^V(A) * ££/i(x)^(i^(/ 2 (x),/ 3 (x))) 

a/3 

(id® A)F(A)*F 23 (A j(/i(x), / 2 (x), / 3 (x)). 



Now Equation (22) follows from the associativity of *a- 



□ 



To end this section, as a special case, let us consider M = t)* x H = T*il, which is equipped 
with the canonical cotangent symplectic structure. The following proposition describes an explicit 
formula for a compatible star-product on it. 
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Proposition 3.7 For any f(X,x), g{X,x) G C°°(f)* x i2")[7i], the following equation 



/(A, x) * ft g(X, x) = J2 -j-i dX ii...d\i* * Hl1 '" hik9 (24) 

fc=0 

defines a compatible star product on M = t)*xH = T*H , which is in fact a deformation quantization 
of its canonical cotangent symplectic structure. 

Proof. As earlier in this section, let fj^ = i){h} be equipped with the Lie bracket [X, Y]^ = K[X, Y], 
\/X,Y G t)hi and a : S(t)){h} — ► Ufyn the PBW-map. Note that f)^ is isomorphic to f) as a Lie 
algebra. Hence C/f)^ is canonically isomorphic to C/h[ft], whose elements can be considered as left 
invariant (formal) differential operators on H. To each polynomial function on T*H = ()* x H, 
we assign a (formal) differential operator on H according to the following rule. For / G C°°(H), 
we assign the operator multiplying by /; for / G Pol(f)*) = S(jj), we assign the left invariant 
differential operator a(f); in general, for f(x)g(X) with f(x) G C°°(H) and <?(A) G Pol(f)*), we 
assign the differential operator f(x)o~(g). Then the multiplication on the algebra of differential 
operators induces an associative product *n, on Pol(T*ff)[^], hence a star product on T*H. It is 
simple to see, from the above construction, that 

(i) . for any /,<7eC°°(f)*), 

f(X)* h g(X) = f(X)*g(X); (25) 

(ii) . for any f(x) G C°°{H) and 5 (A) G C°°(ff), 

/(^)*a5(A)=/(x) 5 (A); (26) 

(iii) . for any /(A) G C°°(f)*) and g(x) G C°°(F), 

/(A) * ft g{x) = £ p jf^ g • • • (27) 

fc=0 

(iv) . for any f(x), g{x) G C°°(H), 

f{x) * h g{x) = f{x)g(x). (28) 



In other words, this is indeed a compatible star product with F = 1. Equation (|24| ) thus follows 
immediately from Theorem 3.4. 

□ 



Remark. It would be interesting to compare Equation fl24|) with the general construction of star 
products on cotangent symplectic manifolds in Jul lll| . 



Equation (27) implies that the element /(A + hh) G C°°(f)*)<g>C/h[fr]|, being considered as a left 
invariant differential operator on H, admits the following expression: 



f(x + hh) = f(X)* h 



Thus we have: 
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Corollary 3.8 For any f,ge C°°(f)*), 

(/ *g)(X + hh) = /(A + Hh) * g(X + hh), (29) 

where the * on the left hand side stands for the PBW-star product on f)*, while on the right hand 
side it refers to the multiplication on the algebra tensor product of (C°°([)*)[[/i], *) with U\)\h\. 



Proof. Let *n denote the star product on T*H as in Proposition |3J. For any (p(x) G C°°(H), 

(/(A) *h 9(A)) *h (by Equations (|{| |27 

k=0 



= (f*g)(\ + Hh)<p(x). 

On the other hand, 

/(A) * ft ($(A) *n y>(a;)) (by Equation @) 
9 fe /(A) 



M dX l * • • • <9A 4 fc 

fc=0 

00 00 ^fc d k f(X) > > $ d l ci(X) > > 

>^ >^ — -7T-- ^ — — * hi, ■ ■ ■ hi, (—— — ; — -hj, ■ ■ ■ hj, (fit x)) 

^ ^ k\ d\ n ■ ■ ■ dX lk 1 11 dX 31 ■ ■ ■ dX n nv\ I) 

k=0 1=0 

™™H k + l d k f(X) d l g(X) ^ r 

^ 2- lAKoX' ■■■0X>< * dXh... d Xn K ■ ■ ■ ''"''i ■ ■ ■ H ^ {X) 

k=0 1=0 



= f(X + hh)*g(X + hh)(p(x). 
The conclusion thus follows from the associativity of *%. 

□ 



Corollary 3.9 For any F,G £ C 00 (\)*)<S>Ug®Uglh}, 

(F * G) 23 (A + hh^) = F 23 (X + KhP>) * G 23 (A + HhP>). (30) 
In particular, if F(X) € C , ^(f)*)®f7g<X>£/g[[7i] is invertible, we have 

F^\X + KhF>) = F 23 (X + KhP*)- 1 . (31) 

4 Quantum dynamical Yang-Baxter equation 

The main purpose of this section is to derive the quantum dynamical Yang-Baxter equation over a 
nonabelian base f) from the "twisted-cocycle" condition (|22"p. This was standard when f) is Abelian 
(e.g., see ||). The proof was based on the Drinfel'd theory of quasi-Hopf algebras [13]. In our 
situation, however, the quasi-Hopf algebra approach does not work any more. Nevertheless, one 
can carry out a proof in a way completely parallel to the ordinary case. 

The main result of this section is the following: 
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Theorem 4.1 Assume that F : fj* — ► J7fl<8){7g|7i] satisfies the "twisted- cocycle" condition (2i). 
Then 

R{\) = F 21 (\)~ 1 * F 12 (\) (32) 

satisfies the following generalized quantum dynamical Yang-Baxter equation (or Gervais-Neveu- 
Felder equation): 

RvzW * #is(A + hh {2) ) * R 23 (X) = R 23 (X + HhF>) * R r3 (X) * Ru(X + HhF>). (33) 

Here * denotes the natural multiplication on C°°(P)*)(8>(L r g) n [?i], Vn, with C°°(f)*) being equipped 
with the PBW-star product. 

It is simple to see that the usual relation 

A(a * b) = Aa * Ab (34) 
still holds for any a, b G C°°(J)*)®£/g[ft]. Define A : C°°(f)*)<g>E/g|[ft] — ► C 00 (t)*)®UQ®UQlh} by 

Aa = F(A)- 1 *Aa*F(A), Va G C°°(h*)<8iJ7g[^]. (35) 
It is simple to see, using the associativity of *, that 

A op a = R(X)*Aa*R(\)- 1 . (36) 

The following is immediate from Corollary |3.9|. 



Corollary 4.2 

R 23 (\ + hhW) = F 32 (X + hh^y 1 *F 23 (X + hh^). (37) 



Remark. Equation ( |37D is trivial when f) is Abelian. It, however, does not seem obvious in 
general. We can see from the proof of Corollary |3.9| that this equation essentially follows from the 
associativity of the star product given by Equation 



For any given F(X) G C°°([)*)®[/g<»[/g[/i], introduce $i 23 (A) G C°°(f)*)<g>£/g(g)£/g®*70pi] by 
*i2a(A) = ^(A)" 1 * [(^A)F(A)- 1 ] * [(A®id)F(A)] * F 12 (A). (38) 

Lemma 4.3 

(A®id)R = ^231*^13*^^32*^23*^123; (39) 
(id®A)R = $^2 * #13 * $213 * #12 **123- ( 4 0) 
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Proof. By applying the permutation a\(Sia 2 (S>a 3 — > a\®a 3 ®a 2 on Equation (p8|), one obtains that 

$l 32 (A) = F i2 {\)~ x * a 23 [(zd®A)F(X)- 1 } * a 23 [{A®id)F(\)} * F 13 {\) 
= ^(A)- 1 * [(id®A)F(\y 1 ] * a 23 [{A®id)F(X)} * F 13 (A), 

since A is cocommutative. Similarly, applying the permutation ai®a 2 ®a 3 — ► a 2 ®a 3 ®ai on Equa- 



tion (38), one obtains that 

$23i(A) = ^(A)- 1 * [(A®id)F 2 i(\)~ 1 ] * a 23 [(A®id)F(X}} * F 31 {\). (41) 

On the other hand, by definition, 

#i 3 (A) = F 31 (A)- 1 *F 13 (A) (42) 
# 23 (A) = F 32 (A)- 1 *F 23 (A). (43) 

It thus follows that 

$231 * #13 * $T32 * #23 * $123 

= #i 2 (A) _1 * (A®id)F 2 i(\)~ 1 * (A(giid)F(\) * F 12 (A) (by Equation @) 
= #12 (A) -1 * (A®id)R{\) * F 12 (X) (by Equation (||)) 
= (A®id)R. 



Equation (^) can be proved similarly. 



Proof of Theorem |4.1j . From Equation (|36|), it follows that 

R 12 * (A®id)R = (A op ®id)R * jfo. 



According to Equation (39), this is equivalent to 



□ 



#12 * $231 * #13 * $13 2 * #23 * $123 = $321 * #23 * $3i 2 * #13 * $213 * #12- 

Thus, 

#12 * ($231 * #13 * $r32) * #23 = ($321 * #23 * $ 3 i 2 ) * #13 * ($213 * #12 * $^3)- ( 44 ) 

Now the twisted-cocycle condition ( [22] ) implies that 

$123 (A) = #12 (A + hh^y 1 * F 12 (X). (45) 

It thus follows that 

$213 * #12 * $^3 

= F 21 (A + hh^y 1 * F 21 (A) * ^(A)- 1 * F 12 (A) * F 12 (A)- X * F 12 (A + Kh®) 
= F 21 {\ + hh^y 1 * F l2 {\ + Kh®) (by Corollary gj) 
= R 12 (X + Hh^). 
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Applying the permutations: ai®a,2<g>a3 — * a 3 ®a\®a2, and ai0a20a 3 — ► ai®a 3 ®a2 respec- 
tively to the equation above, one obtains 

$321 * -R23 * $312 = #23 (A + and 
$231 * #13 * $r 3 2 = #13 (A + hh^). 

Equation (^) thus follows immediately. 

□ 



5 Concluding remarks 

Even though our discussion so far has been mainly confined to triangular dynamical r- matrices, 
we should point out that there do exist many interesting examples of non-triangular ones. For 
instance, when the Lie algebra q admits an ad-invariant bilinear form and the base Lie algebra f) 
equals q, Alekseev and Meinrenken found an explicit construction of an interesting non-triangular 
dynamical r-matrix Q in connection with their study of the non-commutative Weil algebra. In fact, 
for simple Lie algebras, the existence of AM-dynamical r-matrices was already proved by Etingof 



and Varchenko [19]. The construction of Alekseev and Meinrenken was later generalized by Etingof 



and Schiffmann to a more general context 17]. So there is no doubt that there are abundant non- 
trivial examples of dynamical r-matrices with a nonabelian base. It is therefore desirable to know 
how they can be quantized. Inspired by the above discussion in the triangular case, we are ready 
to propose the following quantization problem along the line of Drinfeld's naiveQ quantization [14]. 

Definition 5.1 Given a classical dynamical r-matrix r : ()* — ► 0®0, a quantization of r is R(X) = 
1 + hr(X) + 0(h 2 ) € U(g)®U(Q)lhJ which is H-equivariant and satisfies the generalized quantum 
dynamical Yang-Baxter equation (or Gervais-Neveu-Felder equation): 

R12W * Ri 3 (X + hh {2) ) * R 23 (X) = R 23 (X + KhF*) * R 13 (X) * R 12 (X + M (3) ). (46) 



Combining Proposition 2.1, Proposition 3.2, Corollary 3.6 and Theorem 4.1, we may summarize 



the main result of this paper in the following: 

Theorem 5.2 A triangular dynamical r-matrix r : f)* — ► A 2 g is quantizable if there exists a 
compatible star product on the corresponding Poisson manifold fj* x G. 

We conclude this paper with a list of questions together with some thoughts. 
Question 1: Is every classical triangular dynamical r-matrix quantizable? 



According to Theorem 5.2, this question is equivalent to asking whether a compatible star 



product always exists for the corresponding Poisson manifold f)* x G. When the base Lie algebra 



2 Drinfeld's original naive quantization was proposed for a classical r-matrix in A® A for an associative algebra A. 
Here one can consider A as the universal enveloping algebra Uq, and r € g®0 C Ug®Ug. 



20 



is Abelian, a quantization procedure was found for splittable classical triangular dynamical r- 



matrices using Fedosov's method [34|. Recently Etingof and Nikshych [21], using the vertex-IRF 
transformation method, showed the existence of quantization for the so called completely degenerate 
triangular dynamical r-matrices, which leads to the hope that the existence of quantization could 



be possibly settled by combing both methods in [|34j] and [21]. However, when the base Lie algebra 
{) is nonabelian, the method in |34| ] does not admit a straightforward generalization. One of the 
main difficulties is that the Fedosov method uses Weyl quantization, while our quantization here is 
in normal ordering. Nevertheless, for the dynamical r-matrices constructed in Theorem |2.3| , under 
some mild assumptions a quantization seems feasible by using the generalized Karabegov's method 

|§||. This P robl 

em will be discussed in a separate publication. 
Question 2: What is the symmetrized version of the quantum dynamical Yang-Baxter equation 
©? 

We derived Equation (|46|) from a compatible star product, which is a normal ordering star 
product. The reason for us to choose the normal ordering here is that one can obtain a very 



explicit formula for the star product: Equation (16). A Weyl ordering compatible star product 



may exist, but it may be more difficult to work with. For the canonical cotangent symplectic 



structure T*H, a Weyl ordering star product was found by Gutt [27|, but it is rather difficulty to 
write down an explicit formula As we can see from the previous discussion, how a quantum 
dynamical Yang-Baxter equation looks is closely related to the choice of a star product on T*H. 
When H is Abelian, there is a very simple operator establishing an isomorphism between these two 
quantizations, which is indeed the transformation needed to transform a unsymmetrized QDYBE 
into a symmetrized one. Such an operator also exists for a general cotangent bundle T*Q but 
it is much more complicated. Nevertheless, this viewpoint may still provide a useful method to 
obtain the symmetrized version of a QDYBE. 

Question 3: Is every classical dynamical r-matrix quantizable? 

This question may be a bit too general. As a first step, it should be already quite interesting 
to find a quantum analogue of Alekseev-Meinrenken dynamical r-matrices. 

Question 4: What is the deformation theory controlling the quantization problem as proposed 



in Definition 5.1? 



If R = 1 + hr + • • • + tin H , where r, G C ca (t)*)®UQ®UQ, i > 2, is a solution to the 

QDYBE, the h-term r must be a solution of the classical dynamical Yang-Baxter equation. Indeed 
the quantum dynamical Yang-Baxter equation implies a sequence of equations of rj in terms of 
lower order terms. One should expect some cohomology theory here just as for any deformation 
theory ||. However, in our case, the equation seems very complicated. On the other hand, it 
is quite surprising that such a theory does not seem to exist in the literature even in the case of 
quantization of a usual r-matrix. 

Finally, we would like to point out that perhaps a more useful way of thinking of quantization of 
a dynamical r-matrix is to consider the quantum groupoids as defined in fl33| . This is in some sense 



an analogue of the "sophisticated" quantization in terms of Drinfel'd [14]. A classical dynamical 
r-matrix gives rise to a Lie bialgebroid (Tfj* x g, T*h* x q*) j?], |2(|. Its induced Poisson structure 
on the base space f)* is the Lie-Poisson structure 7Tf,* , which admits the PBW-star product as a 
standard deformation quantization. This leads to the following 
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Question 5: Does the Lie bialgebroid (T\j* x q, T*t)* x q*) corresponding to a classical dy- 
namical r-matrix always admit a quantization in the sense of |33|] , with the base algebra being the 
PBW-star algebra C°°(fj*)[^]? 



To connect the quantization problem in Definition |5.f| with that of Lie bialgebroids, it is clear 
that one needs to consider preferred quantization of Lie bialgebroids: namely, a quantization where 
the total algebra is undeformed and remains to be P(fj*)(g)[/0[/i]. 

Question 6: Does the Lie bialgebroid (Tf)* x g, T*t)* x g*) admit a preferred quantization? 



How is such a preferred quantization related to the quantization of r as proposed in Definition 5.1 



When fj = 0, namely for usual r-matrices, the answer to Question 6 is positive, due to a 
remarkable theorem of Etingof-Kazhdan [16]. 



References 

Alekseev, A., and Meinrenken, E., The non-commutative Weil algebra, Invent. Math. 139 
(2000), 135-172. 

Arnaudon, D., Buffenoir, E., Ragoucy, E., and Roche, Ph., Universal solutions of quantum 
dynamical Yang-Baxter equation, Lett. Math. Phys. 44 (1998), 201-214. 

Astashkevich, A., On Karabegov's quantizations of semisimple coadjoint orbits, Advances in 
geometry, Progress in Mathematics 172, 1-18. 

Avan. J, Babelon, O., and Billey, E., The Gervais-Neveu-Felder equation and the quantum 
Calogero-Moser systems, Comm. Math. Phys. 178 (1996), 281-299. 



Bressler, P., and Donin, J., Polarized deformation quantization, math. Q A/0007186 



Babelon, O., Bernard, D., and Billey, E., A quasi-Hopf algebra interpretation of quantum 3j 
and 6j symbols and difference equations, Phys. Lett. B 375 (1996), 89-97. 

Bangoura, M., and Kosmann-Schwarzbach, Y., Equation de Yang-Baxter dynamique classique 
et algebroides de Lie, C. R. Acad. Sci. Paris, Serie I 327 (1998), 541-546. 

Bayen, F., Flato, M., Fr0nsdal, C, Lichnerowicz, A., and Sternheimer, D., Deformation theory 
and quantization, I and II, Ann. Phys. Ill (1977), 61-151. 

Bieliavsky, P., and Bonneau, P., Quantization of solvable symmetric spaces II, Work in 
Progress. 

Bordemann, M., Neumaier, N. and Waldmann, S., Homogeneous Fedosov star products on 
cotangent bundles, I. Weyl and standard ordering with differential operator representation, 
Comm. Math. Phys. 198 (1998), 363-396. 

Bordemann, M., Neumaier, N., Pflaum, M., and Waldmann, S., On representations of star 



product algebras over cotangent spaces on Hermitian line bundles, math. QA/981 1055 . 



22 



[12] Cannas da Silva, A., and Weinstein, A., Geometric models for noncommutative algebras, 
Berkeley Mathematics Lecture Notes 10, AMS, 1999. 

[13] Drinfel'd, V.G., Quasi-Hopf algebras, Leningrad Math. J. 2 (1991), 829-860. 

[14] Drinfel'd, V.G., On some unsolved problems in quantum group theory, Lecture Notes in Math. 
1510, Springer, Berlin, (1992), 1-8. 

[15] Etingof, P., Private communication. 

[16] Etingof, P., and Kazhdan, D., Quantization of Lie bialgebras I, Selecta Mathematical New 
series 2 (1996), 1-41. 

[17] Etingof, P., and Schiffmann, O., On the moduli space of classical dynamical r-matrices, Math. 
Res. Lett. 8 (2001), 157-170. 

[18] Etingof, P., Schedler, T., and Schiffmann, O., Explicit quantization of dynamical r-matrices 
for finite dimensional semisimple Lie algebras, J. AMS 13 (2000), 595-609. 

[19] Etingof, P., and Varchenko, A., Geometry and classification of solutions of the classical dy- 
namical Yang-Baxter equation, Comm. Math. Phys. 192 (1998), 77-120. 

[20] Etingof, P., and Varchenko, A., Solutions of the quantum dynamical Yang-Baxter equation 
and dynamical quantum groups, Comm. Math. Phys. 196 (1998), 591-640. 

[21] Etingof, P., and Nikshych, D., Vertex-IRF transformations and quantization of dynamical 
r-matrices, Math. Res. Lett. 8 (2001), 331-345. 

[22] Fedosov, B., A simple geometrical construction of deformation quantization, J. Diff. Geom. 
40 (1994), 213-238. 

[23] Felder, G., Conformal field theory and integrable systems associated to elliptic curves, Proc. 
ICM Zurich, (1994), 1247-1255. 

[24] Gervais, J.-L., and Neveu, A., Novel triangle relation and absense of tachyons in Liouville 
string field theory, Nucl. Phys. B 238, (1984), 125-141. 

[25] Jimbo, M., Konno, H., Odake, S and Shiraishi, J., Quasi-Hopf twistors for elliptic quantum 
groups, Transform. Groups 4, (1999), 303-327. 

[26] Guillemin, V., Lerman, E., and Sternberg, S., Symplectic fibrations and multiplicity diagrams, 
Cambridge University Press, Cambridge, 1996. 

[27] Gutt, S., An explicit ^-product on the cotangent bundle of a Lie group, Lett. Math. Phys. 7 
(1983), 249-258. 

[28] Kobayashi, S, and Nomizu, K., Foundations of differential geometry, Vol. I, Reprint of the 
1963 original, John Wiley & Sons, Inc., New York, 1996. 

[29] Liu, Z.-J., and Xu, P., Dirac structures and dynamical r-matrices, Ann. Inst. Fourier, Grenoble 
51 (2001), 831-859. 



23 



[30] Schiffmann, O., On classification of dynamical r-matrices, Math. Res. Lett. 5 (1998), 13-30. 

[31] Weinstein, A., Fat bundles and symplectic manifolds, Adv. in Math. 37 (1980), 239-250. 

[32] Xu, P., Quantum groupoids associated to universal dynamical R-matrices, C. R. Acad. Sci. 
Paris, Serie I 328 (1999), 327-332. 

[33] Xu, P., Quantum groupoids, Comm. Math. Phys. 216 (2001), 539-581. 

[34] Xu, P., Triangular dynamical r-matrices and quantization, ( |math.QA/0005006 ) Advances in 
Math., to appear. 



24 



